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RICCI SOLITONS ON SINGLY WARPED PRODUCT
MANIFOLDS AND APPLICATIONS
CARLO ALBERTO MANTICA, SAMEH SHENAWY, AND BU¨LENT U¨NAL
Abstract. The purpose of this article is to study the inheritance properties
of Ricci soliton warped product manifolds by their factor manifolds. First,
it is proved that being a Ricci soliton is an inheritance property. Then we
study Ricci soliton on warped product manifolds admitting either a conformal
vector field or a concurrent vector field. Finally, we study Ricci soliton on
some warped product space-times.
1. Introduction
A Riemannian manifold (M, g) is called to admit a Ricci soliton structure, de-
noted by (M, g, ζ, λ), if there exists a vector field ζ ∈ X (M) and a scalar λ satisfying
(1.1)
1
2
Lζg +Ric = λg
where Ric denotes the Ricci tensor of M and Lζ denotes the Lie derivative in
the direction of ζ. A Ricci soliton is said to be shrinking, steady or expanding if
the scalar λ is positive, zero or negative respectively If ζ = gradu, for a smooth
function u, the Ricci soliton (M, g, ζ, λ) ≡ (M, g, u, λ) is called a gradient Ricci
soliton and the function u is called the potential function. Gradient Ricci solitons
are natural generalizations of Einstein manifolds [4]. The study of Ricci solitons
was first introduced by Hamilton as fixed or stationary points of the Ricci flow in
the space of the metrics on M modulo diffeomorphisms and scaling. Since then,
Ricci solitons have been extensively studied for different reasons and in different
spaces [6, 8, 10, 12, 13, 19–21]. A large and growing body of research has continued
to study Ricci soliton after Pereleman used Ricci soliton to solve the Poincare
conjecture posed in 1904.
Generally speaking, it is possible to categorize the research problems on this
topic under the perspective of warped product manifolds into two:
1. Under what conditions does the warped product become a Ricci soliton?
2. What does a factor of a warped product Ricci soliton inherit?
There are many partial answers for these questions. For example, if a gradient
soliton splits (M, g, f, λ) =
(
M1 ×M2, g1 ⊕ f
2g2, u, λ
)
as a Riemannian product,
then u (x1, x2) = u1 (x1) + u2 (x2) also splits in such a way that each (Mi, gi, ui, λ)
is a soliton [22]. In [15, Sections 3 and 4], the authors obtain a criteria that the
Riemannian manifold M is Einstein or a gradient Ricci soliton using of the second
derivative of warping function f in the warped and Lorentzian warped product
space of the form R ×f M with gradient Ricci solitons. In [11], it is shown that a
non-shrinking gradient Ricci soliton warped product whose warping function attains
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its extremes is a Riemannian product. Moreover, existence conditions for a warped
product gradient Ricci soliton are derived on the warping function, a gradient vector
field and on the fiber. The authors of [17, Section 3] derived conditions on the
gradient warped product Ricci soliton to have Einstein base manifold or to have
Einstein fiber manifold. They also considered warped product Ricci soliton either
with one dimensional Euclidean base or with one dimensional circle base in [18].
Both necessary and sufficient conditions for multiply warped product manifolds to
be gradient Ricci solitons are obtained in [14]. Special doubly warped gradient Ricci
soliton with harmonic Weyl tensor are considered in [16] where a doubly warped
product means a multiply warped product with two fibers. In [7], it is shown
that locally conformally flat Lorentzian gradient Ricci soliton is locally isometric
to a Robertson–Walker warped product, if the gradient of the potential function is
non-null.
It is clear that the work is restricted either to gradient warped Ricci solions or
to special cases of warped Ricci solitons. In the current study, we intent to fill
this gap in the literature by providing a complete study of warped product Ricci
solitons. Moreover, we study warped product Ricci solitons admitting conformal,
concurrent or Killing vector fields. Finally, we apply our results on generalized
Robertson-Walker space-times and standard static space-times.
2. Preliminaries
Let
(
Mi, gi, D
i
)
, i = 1, 2 be two C∞ pseudo-Riemannian manifolds equipped
with metric tensors gi where D
i is the Levi-Civita connection of the metric gi for
i = 1, 2. Let pi1 : M1×M2 →M1 and pi2 : M1×M2 →M2 be the natural projection
maps of the Cartesian product M1 ×M2 onto M1 and M2 respectively. Also, let
f : M1 → (0,∞) be a positive real-valued smooth function. The warped product
manifold M1×f M2 is the the product manifold M1×M2 equipped with the metric
tensor g = g1 ⊕ f
2g2 defined by
g = pi∗1 (g1)⊕ (f ◦ pi1)
2
pi∗2 (g2)
where ∗ denotes the pull-back operator on tensors [5,23,24]. The function f is called
the warping function of the warped product manifold M1 ×f M2. In particular, if
f = 1, then M1 ×1 M2 = M1 ×M2 is the usual Cartesian product manifold. It is
clear that the submanifold M1 × {q} is isometric to M1 for every q ∈ M2. Also,
{p}×M2 is homothetic toM2 for every p ∈M1. Throughout this article, we use the
same notation for a tensor field and for its lift to the product manifold. Let D be
the Levi-Civita connection of the metric tensor g. In [5,23,24], the Ricci curvature
Ric of the warped product manifold in terms of the lift of Ricci curvatures, Rici,
on Mi, for i = 1, 2 and H
f , the Hessian tensor of f on M1 is described.
3. Warped product Ricci solitons
This section presents a study of warped product Ricci soliton. The following
result considers the first inheritance property.
Theorem 1. Let (M, g, ζ, λ) be a Ricci soliton where (M, g) = (M1 ×f M2, g1 ⊕
f2g2). Then
(
M1, g1, ζ1 − n2∇
1 ln f, λ
)
and
(
M2, g2, f
2ζ2, λf
2 + f ♯ − fζ1 (f)
)
are
both Ricci solitons.
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Proof. It is well-known that
Lζg = L
1
ζ1
g1 + f
2L2ζ2g2 + 2fζ1 (f) g2,(3.1)
Ric = Ric1 −
n2
f
Hf +Ric2 − f ♯g2,(3.2)
where f ♯ = f∆f + (n2 − 1) ‖∇f‖
2
1. Thus Equation (1.1) becomes
λg1 + λf
2g2 =
1
2
L1ζ1g1 +
1
2
f2L2ζ2g2 + fζ1 (f) g2 +Ric
1
−
n2
f
Hf +Ric2 − f ♯g2.(3.3)
It is noted that(
1
2
L1ζ1g1 −
n2
f
Hf
)
(X1, Y1) =
1
2
g1
(
D1X1ζ1, Y1
)
+
1
2
g1
(
X1, D
1
Y1
ζ1
)
−
n2
f
g1
(
D1X1∇
1f, Y1
)
=
1
2
g1
(
D1X1ζ1, Y1
)
−
n2
2f
g1
(
D1X1∇
1f, Y1
)
+
1
2
g1
(
X1, D
1
Y1
ζ1
)
−
n2
2f
g1
(
X1, D
1
Y1
∇1f
)
=
1
2
g1
(
D1X1
(
ζ1 − n2∇
1 ln f
)
, Y1
)
+
1
2
g1
(
X1, D
1
Y1
(
ζ1 − n2∇
1 ln f
))
=
1
2
(
L1ζ1−n2∇1 ln fg1
)
(X1, Y1) .
Thus Equation (3.3) may be rewritten as
λg1 +
(
λf2 + f ♯ − fζ1 (f)
)
g2 =
1
2
L1ζ1−n2∇1 ln fg1 +Ric
1 +
1
2
f2L2ζ2g2 +Ric
2.

A direct consequence of the above theorem is the following corollary.
Corollary 1. Let (M, g, ζ, λ) be a Ricci soliton where (M, g) = (M1 ×f M2, g1 ⊕
f2g2) and ζ1 is Killing on M1. Then (M1, g1,−n2 ln f, λ) is a gradient Ricci soliton.
It is clear that a Ricci soliton (M, g, ζ, λ) is Einstein with factor λ−ρ if and only
if ζ is conformal with factor 2ρ.
Theorem 2. Let (M, g, ζ, λ) be a Ricci soliton where (M, g) = (M1 ×f M2, g1 ⊕
f2g2). Then (M, g) is Einstein if one of the following conditions holds
(1) ζi is conformal on Mi with factor 2ρi for any i = 1, 2 and ρ1 = ρ2+ζ1 (ln f)
(2) ζ = ζ1 and ζ1 is a Killing vector field on M1.
(3) ζ = ζ2 and ζ2 is a Killing vector field on M2.
(4) ζi is a Killing vector field on Mi for i = 1, 2 and ζ1 (f) = 0.
The following considers the converse.
Theorem 3. Let (M1, g1, ζ1, λ) be a Ricci soliton and (M2, g2) be an Einstein
manifold with factor µ. Then (M, g, ζ, λ) is a Ricci soliton where (M, g) is a warped
product manifold of the form
(
M1 ×f M2, g1 ⊕ f
2g2
)
if
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(1) ζ2 is conformal with factor 2ρ,
(2) Hf = 0 and,
(3) (λ− ρ) f2 = fζ1 (f) + µ + (n2 − 1) c
2 where g1 (∇f,∇f) = c
2 for some
c ∈ R.
A vector field ζ on a Riemannian manifold M which satisfies
∇Xζ = X
for any vector field X ∈ X (M) is called a concurrent vector field [9]. It is
clear that a concurrent vector field is a homothetic one with factor ρ = 2 since
(Lζg) (X,Y ) = 2g (X,Y ). Furthermore, a constant vector field is not concurrent.
ζ is called gradient if there is a smooth function u defined on M such that ζ = ∇u.
In this case (Lζg) (X,Y ) = 2H
u (X,Y ) where Hu is the Hessian tensor of u defined
on M . Let ζ be a concurrent vector field and let u = 12g (ζ, ζ), then ζ = ∇u. The
converse is also true. A vector field ζ on a manifold M is concurrent with respect
to a Riemannian metric g if and only if ζ = ∇u, and Lζg = 2g where u =
1
2g (ζ, ζ).
Hence, a concurrent vector field is a gradient vector field.
Proposition 1. Let ζ = ζ1 + ζ2 be a vector field on M = (M1 ×f M2, g). ζ is
concurrent on M if and only if ζ1 is a concurrent vector field on M1 and one of the
following conditions hold.
(1) ζ2 is a concurrent vector field on M2 and f is constant.
(2) ζ2 = 0 and ζ1 (f) = f .
Proof. Suppose that ζ is a concurrent vector field on M . Then
(3.4) D∂iζ = ∂i, i = 1, 2, ..., n1, n1 + 1, ..., n1 + n2
The first n1 equations of (3.4) imply that
D∂i (ζ1 + ζ2) = ∂i
D1∂iζ1 + ∂i (ln f) ζ2 = ∂i
The tangential and normal parts of the last equation are
D1∂iζ1 = ∂i(3.5)
∂i (ln f) ζ2 = 0(3.6)
Equation (3.5) implies that ζ1 is concurrent vector field onM1. The second equation
implies that
∂i (ln f) = 0 or ζ2 = 0
Now, we have two cases:
Case 1: ∂i (ln f) = 0 for any i = 1, 2, ..., n1: This equation implies that f is
constant. Now, we use the second n2 equations of (3.4)
D∂i (ζ1 + ζ2) = ∂i i = n1 + 1, n1 + 2, ..., n1 + n2
ζ1 (ln f)∂i +D
2
∂i
ζ2 − fg2 (∂i, ζ2) gradf = ∂i
Since f is constant,
D2∂iζ2 = ∂i
i.e, ζ2 is a concurrent vector field on M2. Thus the first condition holds.
Case 2: ζ2 = 0: Now, we use the second n2 equations of (3.4)
D∂i (ζ1 + ζ2) = ∂i for any i = n1 + 1, n1 + 2, ..., n1 + n2
ζ1 (ln f)∂i = ∂i
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This equation implies that ζ1 (ln f) = 1 and hence ζ1 (f) = f . This is the second
condition.
Conversely, suppose that the first condition holds. Then for i = 1, 2, ..., n1 we
have
D∂iζ = D
1
∂i
ζ1ζ + ∂i (ln f) ζ2 = D
1
∂i
ζ1 = ∂i
and for i = n1 + 1, n1 + 2, ..., n1 + n2 we have
D∂iζ = ζ1 (ln f) ∂i +D
2
∂i
ζ2 − fg2 (ζ2, ∂i) gradf = D
2
∂i
ζ2 = ∂i
Therefore, ζ is a concurrent vector field. Now suppose that the second condition
holds. Then for i = 1, 2, ..., n1 we have
D∂iζ = D∂iζ1 = D
1
∂i
ζ1 = ∂i
and for i = n1 + 1, n1 + 2, ..., n1 + n2 we have
D∂iζ = ζ1 (ln f) ∂i = ∂i
Therefore ζ is concurrent in this case also and the proof is complete. 
Remark 1. The above result ensures that
(1) There is no concurrent vector field on M1×f M2 of the form ζ = ζ2. Thus,
there is no space-like concurrent vector field on I ×f M and there is no
time-like concurrent vector field on standard static space-time If ×M .
(2) The only time-like concurrent vector field on I ×f M is given by ζ1 =
(t+ c) ∂t where f(t) = a (t+ c) and a > 0.
(3) The only concurrent vector field of the form ζ = ζ1 on M1 ×f M2 exists if
ζ1 is concurrent on M1 and ζ1 (f) = f .
Let M¯ = I ×f M be a generalized Robertson-Walker space-times equipped with
the metric g¯ = −dt2 ⊕ f2g where (M, g) is a Riemannian manifold and I is an
open connected interval with the usual flat metric −dt2. A vector field of the form
ζ = u∂t is a concurrent vector field on M¯ if u = (t+ c) and f = au where a > 0
and t + c > 0. However, the vector field ζ = coth t∂t on I ×cosh t M satisfies that
ζ (f) = f. But ζ is not concurrent on I×cosh tM since ζ1 = coth t∂t is not concurrent
on I. The rigorous of generalized Robertson-Walker space-times will be given in
Section 4.
Theorem 4. Let (M, g, ζ, λ) be a Ricci soliton and ζ be a concurrent vector field on
M where (M, g) is a warped product of the form
(
M1 ×f M2, g1 ⊕ f
2g2
)
. If ζ2 6= 0,
then M,M1 and M2 are Ricci flat, gradient Ricci soliton with λ = 1.
Proof. Let (M1 ×f M2, g, ζ, λ) be a Ricci soliton and ζ be a concurrent vector field
on M1 ×f M2. Then
(3.7) Ric (X,Y ) = (λ− 1) g (X,Y )
Suppose that X = X2 and Y = Y2, then
Ric2 (X2, Y2) = f
♯g2 (X2, Y2) + (λ− 1) f
2g2 (X2, Y2)
where f ♯ = f∆f+(n2 − 1) ‖∇f‖
2
1. Since ζ is concurrent and ζ2 6= 0, ζ2 is concurrent
and f = c is constant. This implies that f ♯ = 0 and so
(3.8) Ric2 (X2, Y2) = (λ− 1) c
2g2 (X2, Y2)
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i.e. M2 is Einstein with factor µ = (λ− 1) f
2. This equation is true for any vector
field in X (M2) and so
(3.9) Ric2 (ζ2, ζ2) = (λ− 1) c
2 ‖ζ2‖
2
2
Let {ζ2, e1, e2, ..., en2−1} be an orthogonal basis of X (M2), then the curvature
tensor is given by
R2 (ζ2, ei, ζ2, ei) = g2
(
R2 (ζ2, ei) ζ2, ei
)
= g2
(
Dζ2Deiζ2 −DeiDζ2ζ2 −D[ζ2,ei]ζ2, ei
)
= g2 (Dζ2ei −Deiζ2 − [ζ2, ei] , ei)
= 0
Thus Ric2 (ζ2, ζ2) = 0. By substitution in equation (3.9) we get that λ = 1 and so
equations 3.7 and 3.8 imply that Ric (X,Y ) = Ric2 (X2, Y2) = 0.
Now suppose that X = X1 and Y = Y1, then we get that
Ric (X1, Y1) = 0
Ric1 (X1, Y1) =
n2
f
Hf (X1, Y1) = 0
It is easy to show that all of them are shrinking Ricci soliton with the same factor
λ = 1. Moreover, ζ and ζi are gradient vector fields with potential functions
u = 12g (ζ, ζ) and ui =
1
2g (ζi, ζi) where i = 1, 2 since
g (X,∇u) = X (u) = g (DXζ, ζ)
= g (X, ζ)
i.e. ζ = ∇u and similarly ζi = ∇iui. 
Theorem 5. Let (M, g, u, λ) be a gradient Ricci soliton where (M, g) is a warped
product of the form
(
M1 ×f M2, g1 ⊕ f
2g2
)
. Then
(1) (M1, g1, φ1, λ) is a gradient Ricci soliton with φ1 = u1−n2 ln f and u1 = u
at some fixed point of M2.
(2)
(
M2, g2, φ2, λf
2
)
is a gradient Ricci soliton with φ2 = u at some fixed point
of M1 if f is constant.
Proof. Suppose that (M1 ×f M2, g, u, λ) is a gradient Ricci soliton, then
Hu (X,Y ) + Ric (X,Y ) = λg (X,Y )
for any vector fields X,Y ∈ X (M1 ×f M2). Let X = X1 and Y = Y1, then
Hu (X1, Y1) + Ric (X1, Y1) = λg (X1, Y1)
Hu11 (X1, Y1) + Ric
1 (X1, Y1)−
n2
f
Hf1 (X1, Y1) = λg1 (X1, Y1)
Hφ11 (X1, Y1) + Ric
1 (X1, Y1) = λg1 (X1, Y1)
where φ1 = u1 − n2 ln f and u1 = u at a fixed point of M2. Thus (M1, g1, φ1, λ) is
a gradient Ricci soliton. Now let X = X2 and Y = Y2, then
Hu (X2, Y2) + Ric (X2, Y2) = λg (X2, Y2)
Hφ22 (X2, Y2) + Ric
2 (X2, Y2)− f
♯g2 (X2, Y2) = λf
2g2 (X2, Y2)
Hφ22 (X2, Y2) + Ric
2 (X2, Y2) =
(
λf2 + f ♯
)
g2 (X2, Y2)
Hφ22 (X2, Y2) + Ric
2 (X2, Y2) = λ2g2 (X2, Y2)
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where u2 = u at a fixed point of M1 and λ2 = λf
2 + f ♯ and f ♯ = f∆f +
(n2 − 1) ‖∇f‖
2
1. If f is constant, then
(
M1, g2, u2, λf
2
)
is a gradient Ricci soli-
ton. 
4. Ricci Solitons on Warped Space-times
In this section we will consider Ricci soliton on two well-known space-time mod-
els, namely generalized Robertson-Walker space-times and standard static space-
times. More explicitly, we state some necessary conditions for these models to be
Ricci soliton. Then we also explore implications of that on the components of the
underlying models.
We begin by the following straightforward result.
Remark 2. Let I be an open and connected subinterval of R furnished with −dt2.
Suppose that u∂t ∈ X(I) is a vector field on I where u : I → R is smooth. Then
(1) u∂t is concurrent on (I,−dt
2) if and only if u(t) = t+ a for some a.
(2) u∂t is conformal on (I,−dt
2) with the conformal factor µ = 2u′.
4.1. Ricci Solitons on Generalized Robertson-Walker Space-times. We
first define generalized Robertson-Walker space-times. Let (M, g) be an n−dimensional
Riemannian manifold and f : I → (0,∞) be a smooth function. Then (n +
1)−dimensional product manifold I ×M furnished with the metric tensor
g¯ = −dt2 ⊕ f2g
is called a generalized Robertson-Walker space-time and is denoted by M¯ = I×fM
where I is an open, connected subinterval of R and dt2 is the Euclidean metric tensor
on I. This structure was introduced to the literature to extend Robertson-Walker
space-times [25, 26]. From now on, we will denote ∂
∂t
∈ X(I) by ∂t to state our
results in simpler forms.
Let ζ¯ = u∂t + ζ be a concurrent vector field on a generalized Robertson-Walker
space-time M = I ×f M furnished with the metric g = −dt
2 ⊕ f2g, then
D¯X¯ ζ¯ = X¯
for any X¯ = x∂t +X ∈ X
(
M¯
)
. This equation implies that
D¯∂t ζ¯ = ∂t
D¯∂i ζ¯ = ∂i
where {∂i| i = 1, 2, ..., n} is an orthonormal set of vector fields on M . The first
equation yields
(4.1) u˙∂t + ∂t (ln f) ζ = ∂t
and the second equation yields
(4.2) u∂t (ln f)∂i +D∂iζ − f f˙ζ
i∂t = ∂i
where ζi = g (ζ, ∂i). Equation (4.1) implies that u˙ = 1 and f˙ ζ = 0. Therefore,
u = t+ a where a ∈ R. Now, we have two cases, namely, f˙ = 0 or ζ = 0.
The first case implies that DXζ = X. That is, ζ is concurrent onM . The second
case implies that uf˙ = f and so f(t) = b (t+ a) where b > 0 and t+ a > 0.
Theorem 6. Let ζ¯ = u∂t + ζ be a field on a generalized Robertson-Walker space-
time M = I×fM furnished with the metric g = −dt
2⊕f2g. Then ζ¯ is a concurrent
vector field on M¯ if and only if u = t+ a and one of the following conditions hold
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(1) ζ is concurrent on M and f˙ = 0.
(2) ζ = 0 and f = b (t+ a) where b > 0 and t+ a > 0.
Theorem 7. Let M = I ×f M be a generalized Robertson-Walker space-time
equipped with the metric g = −dt2 ⊕ f2g. If
(
M¯, g¯, u, λ
)
is a Ricci soliton where
u =
∫ t
a
f (r) dr, for some constant a ∈ I
then
(4.3) Ric =
(
λ− f˙
)
g
Proof. Let ζ = gradu, then ζ = f (t) ∂t. It is clear that the vector field is perpen-
dicular to M . Suppose that {∂t, ∂1, ∂2, ..., ∂m} is an orthogonal basis for X
(
M
)
,
then the Hessian tensor of u is given by
Hu (∂t, ∂t) = g¯ (DXgradu, Y )
Now we have the following cases. The first case when X = Y = ∂t. In this case we
have
Hu (∂t, ∂t) = g¯ (D∂tgradu, ∂t)
= f˙ g¯ (∂t, ∂t)
The second case when X = ∂t and Y = ∂i for any i = 1, 2, ...,m. In this case
Hu (∂t, ∂i) = g¯ (D∂tgradu, ∂i)
= f˙ g¯ (∂t, ∂i)
Finally, X = ∂i and Y = ∂j for any i, j = 1, 2, ...,m. In this case
Hu (∂i, ∂j) = g¯ (D∂igradu, ∂j)
= f g¯ (D∂i∂t, ∂j)
= f g¯
(
f˙
f
∂i, ∂j
)
= f˙ g¯ (∂i, ∂j)
Thus Hu (X,Y ) = f˙ g¯ (X,Y ) and hence
(Lζ g¯) (X,Y ) = g¯ (DXgradu, Y ) + g¯ (DY gradu,X)
= 2Hu (X,Y ) = 2f˙ g¯ (X,Y )
Suppose that
(
M¯, g¯, u, λ
)
is a Ricci soliton, then
1
2
Lζ g¯ +Ric = λg¯
f˙ g¯ +Ric = λg¯
Ric =
(
λ− f˙
)
g¯

Corollary 2. Let M = I ×f M be a generalized Robertson-Walker space-time
equipped with the metric g = −dt2 ⊕ f2g. Suppose that
(
M¯, g¯, u, λ
)
is a gradient
Ricci soliton where
u =
∫ t
a
f (r) dr, for some constant a ∈ I.
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Then
(1)
(
M¯, g¯
)
is Einstein if f˙ is constant
(2)
(
M¯, g¯
)
is Ricci flat if λ = f˙ .
Theorem 8. Let M = I ×f M be a generalized Robertson-Walker space-time
equipped with the metric g = −dt2 ⊕ f2g. If
(
M¯, g¯, ζ, λ
)
is a Ricci soliton with
concurrent vector field ζ, then (M, g) is Einstein with factor (n− 1) c2 where c =
‖gradf‖1 is a constant.
4.2. Ricci Solitons on Standard Static Space-times. We begin by defining
standard static space-times. Let (M, g) be an n−dimensional Riemannian manifold
and f : M → (0,∞) be a smooth function. Then (n + 1)−dimensional product
manifold I ×M furnished with the metric tensor
g¯ = −f2dt2 ⊕ g
is called a standard static space-time and is denoted by M¯ =f I ×M where I is an
open, connected subinterval of R and dt2 is the Euclidean metric tensor on I.
Note that standard static space-times can be considered as a generalization of
the Einstein static universe [1–4]. The following propositions are well-known and
so the proofs are omitted.
By using Theorem 1, one can obtain the following result for standard static
space-times.
Theorem 9. Let ζ¯ = u∂t + ζ be a vector field on a standard static space-time of
the form M =f I ×M furnished with the metric g = −f
2dt2 ⊕ g. Then ζ¯ is a
concurrent vector field on M¯ if and only if ζ ∈ (M) is concurrent on M and one
of the following conditions hold
(1) u = t+ a (i.e, u∂t is concurrent on I) and f is constant,
(2) u = 0 and ζ(f) = f
The next result can be considered as a consequence of Theorem 2.
Theorem 10. Let M¯ =f I ×M be a standard static space-time with the metric
tensor g¯ = −f2dt2⊕g. Suppose that
(
M¯, g¯, ζ¯ , λ
)
is a Ricci soliton where ζ¯ = u∂t+ζ.
Then (M¯, g¯) is Einstein if
(1) ζ¯ = ζ is Killing on M
(2) ζ¯ = u∂t and u = t+ a (i.e, u∂t is Killing on I),
(3) u∂t and ζ are Killing vector fields on I and M, respectively and ζ(f) = 0.
Now an application of Theorem 3 yields that:
Theorem 11. Let M¯ =f I ×M be a standard static space-time with the metric
tensor g¯ = −f2dt2⊕g. Suppose that (M, g, ζ, λ) is a Ricci soliton. Then
(
M¯, g¯, ζ¯, λ
)
is a Ricci soliton where ζ¯ = u∂t + ζ if
(1) Hf = 0 and,
(2) ζ(f) = (λ− u′)f
The preceding corollary due to Theorem 5 is about the implications of a gradient
Ricci soliton standard static space-time.
Corollary 3. Let M¯ =f I ×M be a standard static space-time furnished with the
metric g = −f2dt2 ⊕ g. Suppose that
(
M¯, g¯, u, λ
)
is a gradient Ricci soliton. Then
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(1) (M, g, φ2, λ) is a gradient Ricci soliton with φ2 = u1− ln f where u1 = u at
some fixed point of I,
(2) (I,−dt2, φ1, λ1) is a gradient Ricci soliton with λ1 = λf
2 and φ1 = u =
t2/2 + at + b for some a and b and also φ1 = u at some fixed point of M
when f is constant.
Now, we will obtain some results by computing the following fundamental Ricci
soliton equation on a standard static space-time of the form M =f I ×M with the
metric g = −f2dt2 ⊕ g. Suppose that ζ¯ = u∂t + ζ is a vector field on M¯ where ζ is
a vector field on M and u : I → R is smooth.
(4.4)
1
2
Lζ¯ g¯ +Ric = λg¯
Evaluating both sides of Equation 4.4 at (∂t, ∂t), we have that
∆M (f) = (u
′ − λ) f + ζ(f)
It is clear that λ = u′ if f is constant. Equation 4.4 at (X,Y ) where X,Y ∈ X(M),
yields
1
2
LM
ζ¯
g(X,Y ) + RicM (X,Y ) = λg(X,Y ) +
1
f
Hf (X,Y )
Moreover if ζ is conformal on M with factor 2ρ, then
RicM (X,Y ) = (λ− ρ) g(X,Y ) +
1
f
Hf (X,Y )
Thus M is Einstein if Hf = 0. By taking the trace of both sides one gets that
S = n (λ− ρ) +
1
f
∆M (f)
Theorem 12. Let M¯ =f I ×M be a standard static space-time furnished with the
metric g = −f2dt2 ⊕ g. Suppose that
(
M¯, g¯, ζ¯ , λ
)
is a Ricci soliton. Then
∆M (f) = (u
′ − λ) f + ζ(f)
Moreover, if ζ is a conformal vector field on M with factor 2ρ, then the scalar
curvature S of M is given by
S = n (λ− ρ) +
1
f
∆M (f)
Corollary 4. Let M¯ =f I ×M be a standard static space-time furnished with the
metric g = −f2dt2 ⊕ g. Suppose that
(
M¯, g¯, ζ¯ , λ
)
is a Ricci soliton. Then M is
Einstein if ζ is conformal on M and Hf = 0.
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